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Introduction
The q-deformed harmonic oscillator algebras have been intensively studied due to their crucial role in diverse areas of mathematics and physics (see [6, 7, 11, 12] ). One of the most important applications of q-deformed algebras based theory arises from generalization of a fundamental symmetry concept of the classical Lie algebras.
Many algebraic constructions have already been proposed to describe assorted generalizations of quantum harmonic oscillator. However, a common difficulty for most of them is to derive an explicit form of associated Hamiltonian eigenfunctions. It is well known that Hermite polynomials are connected to the realization of classical-harmonic-oscillator algebras. Notice that generalizations of quantum harmonic oscillators lead to generalizations of q-Hermite polynomials. An explicit realization of q-harmonic oscillator has been explored by many authors (see for instance [2, 3, 5, 11] ), where the eigenfunctions of the corresponding Hamiltonian are given explicitly in terms of q-deformed Hermite polynomials. Generators of the corresponding oscillator algebra are realized in terms of first-order difference operators. This paper investigates the generalized discrete q-Hermite II polynomials h n,α (x; q) to construct a new realization of quantum algebra. From this generalization, we obtain an explicit form of the generators for the quantum algebra, in terms of q-difference operators.
The structure of the paper is as follows: Sect.(2) describes briefly the main definitions and properties of some q-basic special functions and operators [1, 8] ; Sect.(3) recalls some notations and useful results about the generalized discrete q-Hermite II polynomials [9] . Therefore, we obtain a continuous orthogonality relations. Moreover, an integral representation of generalized discrete q-Hermite II-polynomials is proposed, and evaluation at one of the Poisson-Kernel for a family of polynomialsh n,α (x; q), is also proposed. In addition to this, for α = 1/2, a formula using q-trigonometric functions cos q (x), sin q (x), and expressing the second q-Bessel functions in terms of the generalized discrete q-Hermite II-polynomials, is proposed along with a deduction of a Rogers-Ramanujan type formula; Sect. (4) provides an explicit new realization of quantum algebra, in which the generators are associated with q-deformed generalized parabose oscillator.
Notations and Preliminaries
This section is systematicaly orgonaised following the order; Sect.2.1 introduces some basic notations; Sect.2.2 recalls the definitions of q-derivatives and q-integrals; Sect.2.3 recalls the definition of some q-special functions, that are important in our paper.
Basic symbols.
For the convenience of the reader, we provide in this section a summary of the mathematical notations and definitions used in this paper [8, 9] . Throughout this paper, we assume that 0 < q < 1. For each complex number a one defines q-shifted factorials, being (a; q) 0 = 1; (a; q) n = n−1
q-number and q-factorial are defined as follows:
For each α ∈ R one defines generalized q-integers and generalized q-factorials, being respectively (2.1) 2n q,α = 2n q , 2n + 1 q,α = 2n + 2α + 2 q ; n! q,α = 1 q,α 2 q,α .. n q,α , and generalized q-shifted factorials,
We can rewrite (2.2) as
Remark 2.1. The specific value α = − 1 2 leads to (q; q) n,α = (q; q) n and n! q,α = n! q .
2.2.
q-derivatives and q-integral. Jackson's q-derivative D q (see [8, 10] ) is defined by :
One define also a variant D
Note that lim
Generalized backward and forward q-derivative operators D q,α and D + q,α are defined as (see [9] )
Generalized q-derivatives operators are given by
where f e and f o are respectively the even and the odd parts of f .
We shall need the Jackson q-integral defined by (see [8, 10] ).
One can easily show that these integrals converges for a bounded function f, since the geometric series converges for 0 < q < 1.
2.3. Some q−analogues of special functions. Two Euler's q-analogues of the exponential function are given by ( see [8] )
Then q-analogues of the trigonometric functions are defined as
The generalized q-exponential function is defined as ( see [9] ) (2.13)
Using Remark 2.1, the specific value α = − 1 2 leads to E q,α (z) = E q (z). One can rewrite q-Bessel functions in terms of generalized q-shifted factorials as follows: Jackson second q-Bessel function is given by (see [8, 15] )
Hahn-Exton q-Bessel function is defined as (see [15] )
Then modified q-Bessel function is defined as
3. The generalized discrete q-Hermite II polynomials
The generalized discrete q-Hermite II polynomials {h n,α (x; q)} ∞ n=0 are introduced by the first author and al [9] . We recall their definition and some of their main properties. They are defined as
where [x] denoting the integral part of x ∈ R.
For α = − 1 2 ,h n,α (x; q) reduces to the discrete q-Hermite II polynomial h n (x; q) (see [15] ). They have the following properties (see [9] ): The generating function:
The inversion formula:
.
Forward shift operator:
Backward shift operator:
where θ n is defined to be 0 if n is odd and 1 if n is even. q-Difference equations:
The family of generalized discrete q-Hermite II polynomials satisfy two kinds of orthogonality relations, a discrete one and a continuous one. As was shown in [9] , we have: A discontinuous orthogonality relation:
3.1. A continuous orthogonality relation. Our primary interest in this paper is to prove a continuous orthogonality relation for the family of generalized discrete q-Hermite II polynomials. First, we rewrite the q-Laguerre polynomials (see [15] ) in terms of the generalized q-shifted factorials as follows:
The discrete q-Hermite II polynomialsh n,α (x; q) can also be expressed in terms of q-Laguerre polynomials L (α)
n (x; q) as follows ( see [9] ):
q-Laguerre polynomials satisfy the following orthogonality relation (see [15] )
, satisfies the continuous orthogonality relation
where
and (3.14)
Proof.
Since the weight function in the integral (3.12) is an even function of the independent variable x and the parity of the q-polynomials {h n,α (x; q)} ∞ n=0
is the parity of their degrees, it suffices to prove only those cases in (3.12), when degrees of polynomials m and n are either simultaneously even or odd. First, we consider the even case: It follows from (3.10) that (3.15)
The change of variable t = q −2α−1 x 2 in the last integral in (3.13) leads to
By relation (3.11), it follows that
then, using (2.3) we obtain the result in the case n even. The odd case is obtained similarly.
The change of variable t = q −2α−1 x 2 in the last integral in (3.16) leads to
Using the fact that
3.2. The q-integral representation. We start this section by a description of the action of some of q-derivations operators on powers of x (the standard basis of the polynomials vector space) and on q-analogues of Bessel functions.
Proposition 3.1. The follwoing holds:
Proof. From definitions (2.3), (2.4) and by induction , we get (3.17).
Using the fact that 
α,q j α (x; q 2 ) and using (3.18) and (3.19) we get (3.20).
We have (see [9] Lemma 5.1 p.24).
An important result we use later is Lemma 3.1.
Proof. Expand j α (xy; q 2 ) as power series and integrate term by term and use (3.21) to conclude (3.23).
Now we provide a q-integral representation of generalized discrete q-Hermite II polynomials. 
(3.25)
Proof.
We recall Rodrigues-type formula (see [9] ) (3.26)
From (3.23), we obtain
From (3.19) and (3.26), we get
, we obtain
From (3.20) and (3.26) , we get
3.3.
Poisson kernel forh n,α (x; q) evaluated at one.
Theorem 3.3. The following is a Poisson kernel for the generalized discrete
q-Hermite II polynomilas evaluated at one :
Proof. From Christoffel-Darboux formula and the limit transition of q-Laguerre polynomials to Jacksons q-Bessel functions (see [16] and [17]), we deduce that
In the last sum, the L (α) n (x 2 ; q 2 ) can be written in terms ofh 2n,α (q α+ 1 2 x; q) (one can use 3.10), therefore, we obtain (3.28)
we havẽ
α+2 (2y; q 2 ) using the fact (see [8] p. 25)
we obtain
Add the result in (3.28) to (3.29) to obtain the desired summation.
Corollary 3.1. The following is a Poisson kernel for the discrete q-Hermite
II polynomilas evaluated at one:
Proof. For the particular case α = − 1 2 , we haveh n,− 1 2 (x; q) =h n (x; q) and
It is esay now to finish the proof of the Corollary.
In the following Proposition, we express the second q-Bessel functions in terms of the generalized discrete q-Hermite II-polynomials and we provide a Rogers-Ramanujan type formula:
Rogers-Ramanujan type formula :
Proof. We prove (3.30), by taking limit as y → 0 in (3.27) and using the two limits (3.32)
Take x = 0 in (3.30), by the first limit in (3.32) and the fact that
we conclude the summation formula (3.31).
4.
Realization of Quantum algebra su q 1/2 (1, 1)
Quantum algebra su q (1, 1) is defined as the associative unital algebra generated by the operators {K − , K + , K 0 } which satisfy the conjugation relations (see [11] )
and the commutation relations
where [x] q = q x − q −x q − q −1 is a symmetric definition of q-numbers. The Casimir operator C, which by definition commutes with the generators K ± and K 0 is
Now we discuss an explicit one-dimensional realization of quantum algebra su q 1/2 (1, 1). We give a concrete functional realization of the Hilbert space H (defined just below) and an explicit expression of the representation operators K − , K + and K 0 defined in preceding paragraph in terms of q-difference operators.
For this purpose, first we take H = L 2 α (R) the space of functions ψ(x) such that
with the scalar product
We now construct a convenient orthonormal basis of L 2 α (R) consisting of (q, α)-deformed Hermite functions defined by (4.1) φ α n (x; q) = d n,α ω α (x; q)h n,α (x; q), whereh n,α (x; q), ω α (x; q) and d n,α are given by (3.1), (3.13) and (3.14), respectively.
The continuous orthogonality relation (3.8) forh n,α (x; q) can be written as
By using the inverse formula (3.3), we obtain
Using the technique that appears in [14] (p. 26), we deduce that f = 0. Let δ q be the q-dilatation operator in the variable x, i.e. δ q f (x) = f (qx). The operator of multiplication by a function g will be denoted also by g. Let S qα be the finite linear span of (q, α)-deformed Hermite functions φ α n (x; q). It's well known that a solution of stationary Schrodinger equation is represented by eigenfunctions of Schrodinger operator
where 
Due to the parity of integrand in (Hf, g), we can write
Using the substitutions u = q −1 x in the first integral and u = qx in the second integral, we obtain (H e f e , g e ) = − q 2α+1
The same argument can prove that (
We therefore conclude that, H is a self-adjoint operator in S qα .
Using the relation (3.6), we obtain
Using the relation (3.7), we obtain
Let us note that, due to the regularity of φ α n (x; q), the singularity of H at x = 0 can be omitted when we apply H to the function f ∈ S qα .
From the forward and backward shift operators (3.4) and (3.5), we define the operators a and a + on S qα in a 2 × 2 matrix form by (4.3)
The reader may verify that these operators are indeed mutually adjoint in the Hilbert space L 2 α (R). So, q-Schrodinger operator H can be factorized as
The action of the operators a and a + on the basis {φ 
where n q,α is defined by (2.1).
Proof: (4.6) follow from the forward and backward shift operators (3.4) and (3.5) and from the fact that
(4.5) is an immediate consequence of the definition (4.1) and (4.6). Finally (4.8) is a consequence of (4.7).
From (4.6) and (4.7) one deduces that
n (x; q). The number operator N is defined in this case by the relations (4.11) a + a = N q,α , aa
The formulas (4.11) can be inverted to determine an explicit expression of the operator N as follows (4.12)
From (4.9), (4.10) and (4.12), we obtain:
, and (4.14) [
Consider now the operators
Using the relation [x] 
Now we are ready to construct an explicit realization of the operators K − , K + and K 0 generators of quantum algebra su (1, 1) in terms of the oscillatorial operators a, a + and N by setting
From (4.15), we derive the actions of these operators on the basis {φ ν n (x; q)} ∞ n=0
(4.16)
It follows that (4.17) 
We conclude an explicit realization of the generators K 0 , K − and K + of quantum algebra su (1, 1) algebra, we need the invariant Casimir operator C, which in this case has the form:
From (4.16) and (4.17) we obtain the action of this operator on the basis {φ 
